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^^ . Abstract. We conisder time-dependent Schrodinger systems, which are quantizations of the 

^— s I Hamiltonian systems obtained from a similarity reduction of the Drinfeld-Sokolov hierarchy by 

CS| ' K. Fuji and T. Suzuki, and a similarity reduction of the UC hierarchy by T. Tsuda, independently. 

$H . These Hamiltonian systems describe isomonodromic deformations for certain Fuchsian systems. 

' Thus, our Schrodinger systems can be regarded as quantum isomonodromic systems. Y. Yamada 

conjectured that our quantum isomonodromic systems determine instanton partition functions in 
Q> . N -2 S U(L) gauge theory. 

The main purpose of this paper is to present integral formulas as particular solutions to our 
.^ ■ quantum isomonodromic systems. These integral formulas are generalizations of the generalized 

/"^ , hypergeometric function l^l-i ■ 
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^ I Fix integers L>2 and A^ > 1 . We consider following time-dependent Schrodinger system 

^: ^|-^(q,z) = //Jq,|-,zJ¥(q,z) (1 < / < A^) (1.1) 

where k e C and *F(q, z) is an unknown function of 

><\ q = (^ 

and z = (zi, . . . , zn)- The Hamiltonians //, are defined in Definition 12.11 

The Schrodinger system (|1.11 ) is a quantization of the classical Hamiltonian system 7-{l,n ob- 
tained from a similarity reduction of the Drinfeld-Sokolov hierarchy by K. Fuji and T. Suzuki 
(L = 3,N = 1) L3J, T. Suzuki (L>2,N = 1) [10], and a similarity reduction of the UC hierarchy 
by T. Tsuda (L > 2,N > 1) ||T41 . independently. In lfT4l . T Tsuda showed that the classical 
Hamiltonian system 'Hl.a? is equivalent to a Schlesinger system governing isomonodromic de- 
formation for a certain Fuchsian system. 

On the other hand, Y. Yamada conjectured in the context of the so-called AGT relation that 
the instanton partition function, in the presence of the full surface operator in N = 2 S U{L) 
gauge theory, is determined by the Schrodinger system (11.11) for A'^ = 1 [TTSl . In the case of 
L = 2, the Schrodinger system (|l.ll ) is a quantization of the Garnier systems m, [|6l, which has 

been appeared in the conformal field theory [|T2l . 
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In this paper, we present a family of hypergeometric integrals as particular solutions to the 
Schfodinger system (ll.ll ). These solutions are polynomials in q with the degree M e Z>i and 
the coefficients are integral representations of hypergeometric type. 

A key to find special solutions to quantum isomonodromic systems is to observe special so- 
lutions to the corresponding classical isomonodromic systems. For example, both the classical 
and quantum sixth Painleve equation has a particular solution expressed in terms of the Gauss 
hypergeometric function [|71. 

It is known that the classical Hamiltonian system 7-{l,n has a particular solution expressed 
in terms of a generalization of the Gauss hypergeometric function by T. Suzuki {L > 2,N = 
1) [flTI- T. Tsuda {L > 2,N > 1) lfT3l . Observing the linear Pfaffian system derived from 
this generalization of the Gauss hypergeometric function, we see indeed that hypergeometric 
integrals given in fil3il yield a particular solution to the Schrodinger system (|l.ll ): 



Theorem 1.1. The integral formula 

L-l N L-l 






n=\ 1=1 n=\ 



N L-l ^ 

(0 



i=\ n=\ 



(1.2) 



which is a polynomial in q with the degree 1, is a particular solution to the Schrodinger system 
(11.11) . Here A is a twist cycle and (po{t), (Pn (t) are certain rational (L - \)-forms defined in (14.11) . 

(see Theorem 1431) 

In order to generalize the integral formula as particular solution to the case of polynomials 
in q with the degree M e Z>2, let us recall equivalence between the Knizhnik-Zamolodchikov 
equation of the conformal field theory and a quantization of a Schlesinger system [|5l, [8]. The 
KZ equations for the simple Lie algebra g, have integral representations as solutions taking 
values in tensor products of Verma modules of g (see, for example, [H], [|9|). From the point of 
view that the integral formula (|1.21 ) may be a solution to the Knizhnik-Zamolodchikov equation, 
it should be viewed that the integral variables are corresponding to the simple roots of 51/,. 
While, for the case of L = 2 and A'^ = 1, it is known that the Schrodinger system (11.11) . the 
quantum sixth Painleve equation, has hypergeometric solutions |I71 : 

^ M 

I W it^"^ - t'-'^V ]^(?^"^)"^"(1 - Zt^''Y'^'\\ - t'-''^^'' ((foit'-"^) - (p\^\t^"^)q\^'>) . 

^^ \<a<h<M a=\ 

Note that the integrand above consists of M-copies of the integrand of (|1.2I) multiplied by the 

coupled term ni<«<feM(?^"^ - t^'^^f'- 
Considering upon these, we arrive at 

Theorem 1.2. The integral formula 

f n ('?•-'?')'" n ('»"•-': 
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a=l yn=l 1=1 V r=l n=l 

which is a polynomial in q wzY/z the degree M, is a particular solution to the Schrodinger system 
(|l.ll) . Here A is a skew-symmetric twist cycle. 



(see Theorem 14 .3 1) 

The remainder of this paper is organized as follows. In section 2, we introduce quantizations 
of the classical Hamiltonians of 'Hl^n and show that those quantum Hamiltonians are mutually 
commutative. In section 3, we introduce our Schrodinger systems and discuss properties of 
them. In section 4, we give integral formulas for solutions. 

Remark 1.3. As mentioned above, the classical Hamiltonian system 7-{l,n describes isomon- 
odromic deformation for an Lx L Fuchsian system 

—(b{u) = y ^^(^{ux 

OU ^—^ U - Ui 

1=0 

where uq = I, M/ = 1/z,- (I < i < N), and u^^+i = 0, whose spectral type is given by the 
(N + 3)-tuple 

(1,1,...,1),(1,1,...,1),(L-1,1),...,(L-1,1) 

of partitions of L. A spectral type defines multiplicities of the eigenvalues of each residue 
matrix A,. Consequently, L-l parameters are associated with singular points and oo, and 
one parameter is associated with each singular point ui for i = 0, . . . ,N. Notice that in the 
integrand given in the Theorems above, L-l parameters are associated with the singular point 
0, and one parameter is associated with each singular point 1, l/zi (1 < i < N). 

2. Hamiltonian 

Let us define a non-commutative associative algebra Wl.n over C with generators 

q^,p^ (l<m<L-l, l<i<N), 
en,Kn,ej,n iO<n<L-l,0<j<N) 

and commutation relations 

[p^j^, qf\ = 6n,,nSi,jn {l<n,m<L-l,l<iJ<N), (2.1) 

where 6ij is Kronecker's delta, and the other commutation relations are zero, and relations 

L-l ^ , L-l N 

/ J ^m — 'Z 5 / J ^m — / ^ "i- 
m=Q tn=0 i=0 

The non-commutative associative algebra Wl,n is an Ore domain, so that we can define its 
skew field ^l,n (see, for example, [2], Chapter 1, Section 8). 



Definition 2.1. We introduce Hamiltonians Hi (i = 1,...,N) in the rational function field 

WlAzi , . . . , Z/v) in variables zi , . . . , za? by 

L-l N , L-1 



n=0 /=0 0<m<n<L-l ' m,«=0 
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where 



L-l 



"io 



f = ^^ + Z*^' Po=-^ (l<i<N), 

m=\ 

N 

?L"^ = -1, P^=X. + J]^^P'1 (l<m<L-l), 



;=1 
N N L-l 



(0) 



-ZO'-ZZ'^'P^- ""' = -!• 



(=1 i=l m=l 



The Hamiltonians Hj (i = I, . . . ,N) are canonical quantization of the polynomial Hamilto- 
nians in [14], Appendix A. What we mean by canonical quantization is, to replace the Poisson 
bracket with the commutator. 

Since the canonical variables in the classical Hamiltonians are not separated, quantization of 
the Hamiltonians is not unique. In the following, we show that the Hamiltonians //, are mutually 
commutative and the Schrodinger equations associated with the Hamiltonians //,■ have integral 
formulas. 

Example 2.2. We give an example of the Hamiltonians Hi in the case ofL = 2. Set iqi,Pi) = 
yli^Pi)- ^^^ Hamiltonian Hi is expressed as follows: 



ZiiZi - l)Hi =qi 



N 



K\ 



^0 + Yj ^JPJ 



( N 

/^i + Z ^^p^ 

\ 7=1 / 

N 



+ Zi {6i + qipd Pi 



=1, ^' ^J 



1*1 

N 



7=1. 
j*< 



ZiiZj - 1) 



N 



ZiiZj - 1) 



ZZiKZj - n ,^ , V' ^'W ~ ^) In \ 

—-—- (di + qiPi) qjPj - 2^ -——- i^i + "IJPJ) 



;=1. ^J ^' 



= 1. W 



Zi - Zi 



qtPi 



- (zi + 1) (6i + qiPi) qiPi - ((ei - eo)z,- + e^- ei -% + ki - kq) qipt 

plus some function in only (zi, . . . ,zn)- These Hamiltonians are quantizations of the polynomial 
Hamiltonians for the Garnier system O. 
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Example 2.3. We give an example of the Hamiltonians Hi in the case ofN = 1. Set {qm,Pm) = 
\Hin\pmj> H = H\, and z = Zi- The Hamiltonian H is written in a coupled form as follows: 



L-l (L-\ m-\ L-\ 



ziz-l)H =2_^ Hyi 2^ ajn+i - ajm-i -^^/^ Q;2,„ 2^ ajn, a2n-\Tl\ qm, p„ 

in=\ \n=0 n=0 n=m 

+ T 2j ^^^^™ ~ ^"fPrnQm + qmPm (q,,! " 1) + 2a2m-l (<?m " 1)) (Pn (<?« - z) + (qn " z) Pn) 
\<m<n<L-\ 

+ {{q,t - Z) Pnqn + qnPn {qn - z) + 2a2n-l {qn - z)) {Pm {qm " 1) + (<?m " 1) Pm)) 

plus some function in only {zi,. . . , Zn), where 

Hyi {ao, ai, a,, a; q, p) =- {qp{q - \)p{q - z) + {q - l)p{q - z)pq + {q - z)pqp{q - 1)+ 

+(<? - z)p{q -l)pq + {q- \)pqp{q - z) + qp{q - z)p{q - 1)) 

- 2 ('^o(('? - 1 )/?(<? -z) + {q- z)p{q - 1)) + ai{qp{q - z) + {q - z)pq) 

+{az - l){qp{q - I) + {q - l)pq)) + aq. 

Here, we let 

a:2m-\=Kn-Ji (l<m<L-l), ajm = e,n - e,n+i - K,n + h (l<m<L-2), 

"^' L-2, 
ao = eo-eu a^i-i = -Ko + {L-2)n, ^j a^ = /c, 77 = -a-q + ^i —n. 

m=() 

The Hamiltonian H is a quantization of the Hamiltonian obtained by Fuji-Suzuki (L = 3 j flU 
and Suzuki (L > 3) [fTO| . The Hamiltonian Hyi is of the sixth quantum Painleve equation with 



the affine Weyl group symmetry of type D\ introduced in [?]. 



2.1. Commutativity. The Hamiltonians Hi{i = \,. . . ,N) are expressed in the following forms 

2rj V ''J 

where Q.ij are elements in Wl,n and uo = I, ut = l/zi {i = I, . ■ ., n) and u^+i = 0. 
For i,j= l,...,N, the forms Qij read as 

Qij = ^tr(A^'^A^J^), (2.3) 

where A^'^ is a L x L matrix defined as 

(^%n = ^^n (2.4) 

for m, n = 0, 1, . . . , L - 1, where (A^'M is the (m, n) entry of the matrix A'^'\ The entries of A*^'^ 

V ' m,n 

satisfy the following commutation relations. 
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Lemma 2.4. It holds that 
1 

fiV 
for < m,n, m', n' < L - 1 and 1 < i, j < N. 



(a-) JaA ]=5ijl6n,,„'(A') ,-6„,,„(a') ] (2.5) 

V 'm,n \ 'm',n \ ■' \ \ nn,n \ nn,n/ 



A proof is given by a straightforward calculation. 

Recall the definition of the Gaudin Hamiltonians (see, for example, Q, Section 2). The 
Gaudin Hamiltonians G, (/ = I,. . .,N) for gI/_ are defined as 



^'4Z 



N tr(5(')5(^)) 



2 -^ M; - M , 

7=1, ' J 

Mi 



where B^'^ {i = I, . . . ,N) are L x L matrices whose entries satisfy the commutation relations 
(12.51) . Since the commutativity of Gaudin Hamiltonians equals the so-called infinitesimal braid 
relations. Lemma f2A\ yields : 

Qij, Q.k,i = (/, j, k, I are distinct), (2.6) 

[Qij, Qi^k + ^k,j] = (/, j, k are distinct) (2.7) 

for i,j,k, I = I,. . .,N. 

The other elements Q,_o and Q,-,w+i (/ = 1, . . . , A^) are not expressed in a similar way as (|2.31 ) 
and (12.41) . However, we can check by a straightforward calculation that the infinitesimal braid 
relations above hold even if i,j,k, I = 0,1,. . .,N + 1 . Therefore, we have 

Proposition 2.5. Hamiltonians Hi (i = \, . . .,N) are mutually commutative. 

3. SCHRODINGER SYSTEM 



Denote by 



//,|q,^,z| (3.1) 



for i = 1, . . .,N, the Hamiltonians obtained by substituting qll^ and d/dqll^ into qll^ and p^l^, 
resepectively, of the Hamiltonians //, defined in Definition 12.11 
We consider the following Schrodinger system: 

^|-^(q, z) = Hi L y, zj ^(q, z) (3.2) 

where /c e C, *F(q, z) is an unknown function of 

and z = (zi, . . . , z^). Here, we regard e„, a:„, 0, as complex parameters. 
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Proposition 3.1. The Schrodinger system (13.21) is completely integrable in the sense of Frobe- 
nius, that is, it holds 



forij = \,...,N. 

Proof. Thanks to Proposition |231 we have only to show 

It is easily calculated as follows. For / i^ j, we have 



0, 






/ 



Zi 



( ^~i 



\\ 



1 



(Zi - Zj) 



V (v - 7 J Zj ^'« ^" ^" ^"^ '^ 
zjyzj Zi) y^^^^^^ 

( L-\ \ 

Hm Pn Hn Fm ^'^J 



\m,n=0 



From Lemma 1231 the last line is symmetrical with respect to i and j. Thus, we finished the 
proof. D 



In the most simplest case, namely, the case of L = 2 and N = I, the Schrodinger system (13.21 ) 
is the quantum sixth Painleve equation. In the previous work [7], we showed that the quantum 
sixth Painleve equation has polynomial solutions in terms of q. 

In the general case, the Schrodinger system (13.21 ) also has polynomial solutions in terms of q 
due to the following proposition. 

For a L - 1 X A^ matrix A whose entries are non-negative integers, let q"^ be the monomial 
defined by 



m=l !=1 



where A,„ ,• is the (m, /) entry of the matrix A. Set d(A) = 2m='i lijli ^mj- 

Let V{M) (M e Z>()) be the subspace of the polynomial ring C[q] such that the degree of 
elements in V{M) is less than M, namely, V(M) = ^^ C^'*, where the summation is taken over 
all L - 1 X A^ matrices A such that d{A) < M. 

Proposition 3.2. For each i = 1, . . . ,N, the Hamiltonian i/,(q, d/dq, z) acts on V(M) if kq - 
Zf=i Oi = M. 

Proof. We compute the action of the Hamiltonian //,(q, d/dq, z) on q'^ such that d{A) = M as 
follows. 

O 



dq 



z,(Zi - I)//,- q, I-, zU^ = - ;^ <^Cp?ci^ + /(q) 



n=l 



L-l 



N 



«=1 V (=1 / V , = 1 / 

Here /(q) is a polynomial whose degree is equal to or less than M. Hence, if kq - X/Ii 6i = M, 
then the first term of (|3.31 ) vanishes, which finishes the proof. n 

By virtue of Proposition 13 .21 for the Schrodinger equation (13.21) . we can consider polynomial 
solutions 

¥(q,z)= Yj (^A(z)q\ 



Ae^M 



where 



mM = {A = iA,„j) \A,„j e Z>o, d{A) < m] (3.4) 

and ca(z) is a function of z. In the next section, we present integral formulas taking values in 
V{M) and show that they are solutions to the Schrodinger system (|3.2I) . 

The Hamiltonians //, act on another subspaces of the polynomial ring C[q] . Let F{Ti , . . . , Ti-\) 
(Ti, . . . , Ti-i G Z>o) be the subspace of the polynomial ring C[q] defined as F{Ti, . . . , T^-i) = 
^^ C^"^, where the summation is taken over all L - 1 x A^ matrices A such that the entries of A 
are non-negative integers and Y!i^\ Amj < T^im = I,. . .,L - \). Set d,n{A) = ^jli A^j. 

Proposition 3.3. For each i = \,. . . ,N, the Hamiltonian Hi(q, d/dq, z) acts on F{Ti , . . . , r^-i) 
y i^m — ~ ^ in- 
Proof. Take a L - 1 x A'^ matrix A such that the entries of A are non-negative integers and 
dm{A) = r,„ for any me{l,...,L-l}. The Hamiltonian //,(q, djdq, z) acts on q"^ as follows: 



Zi{Zi-l)Hi\q,y,z\q^ = 



L-\ 



L-l 



^m Iq Pm """ / ; 1m Pm Pn """ / ; 1m Pm Pn 



\^m "r -' mJ 



;i=m+l 
N 



n=I, 



/+/(q) 



L-l 



L-l 



7=1 n=m+l 



n=l. 



q^"" + my 



(3.5) 



Here, /(q) is a polynomial such that as a polynomial in terms of qm\ . . ., qm\ the degree of /(q) 
is equal to or less than dm(A). Thus, if /c„, = -T,„, then the first term of (13.51 ) vanishes, which 
finishes the proof. D 

Consequently, we can also consider polynomial solutions taking values in F(Ti, . . . , T^-i). 

4. Integral formula 



In this section, we construct integral formulas for the Schrodinger systems (13.21 ). as particular 
solutions. 

Recall that the Gauss hypergeometric function is a particular solution to both the classical and 
quantum sixth Painleve equation \JJ. Hypergeometric solutions to the classical Hamiltonian 



systems "H^n were given by T. Suzuki {L>2,N =\)^^ and T. Tsuda (L > 2, A^ > 1) [[H 
independently, under the condition /co - 2/Ii ^i = 0- 

These hypergeometric solutions are the generalized hypergeometric functions (Thomae's hy- 
pergeometric function) lFl-\ in the case of {L > 2, N = 1) and their generalizations in the case 
of(L>2,A^> 1). 

We expect that these generalized hypergeometric functions are also solutions to a quantization 
of the classical Hamiltonian systems 'J-(l,n, the Schrodinger systems (|3.21 ). Indeed, this is true if 
we consider polynomial solutions to the Schrodinger systems (13.21) with kq - 2JIi ^( = 1- 

Set kq - 2i!:i 0i = M e Z>o. We begin with the case M = 1 and later we deal with general 



case. 



4.1. The case of M = 1. Consider a multivalued function 

L-l N L~\ 



n= 1 i=\ n=\ 



with ?o = 1 defined on the complement T e C^^ '^ of singular locus D given by 

^ = U {tn~l =tn}yj \J [tn = 0} U [J [tt-l = 1 1 Zi) . 
\<n<L-\ l<n<L-l l<i<N 

Let S be the rank one local system determined by U(t) and S*, the dual local system of <S. The 
hypergeometric paring between the twisted homology group and twisted de Rham cohomology 
group is 

Hl-i{T, S*) X H^~\T, V) ^ C 

(A,^)^ fu(t)ip, 
Ja 

where i^ is a rational (L - l)-form holomorphic outside D and V is the co variant differential 

operator given by V = d + d\og(U(t))A. 

According to [[T4|. the following rational (L - l)-forms 



L-l -, ,. . . ,. L-l 



dhA--- A dtt^i 1— r 1 (,) dti A--- A dti-, , , . 

n(t) = ■ : -, <Pnit) = -\ \ — r — : (4-1) 



nl (<V.^ ^^1 A ■ • • A dti-x i-r 1 
; T' ^^nit) = — -— ; 

-1.-1 „^i 'n-1 ~ 'n K>^ — ZilL~inL-\ ,„^i tm-l - hn 

represent a basis of H^~^{T, V). 

Define the integral formula *Pi(q, z) by 

/ N L-l 



u{t) ip,{t)-Y,Yj'f''nmt 

A I .-i „_i 



with A e Hl-i(T,S*). From Proposition 13. 2[ when /cq - XJIi ^( = 1^ the action of Hamiltonian 
Hi (i = 1, . . . ,N) on the integral formula, //,*Fi(q, z), is also a polynomial of degree equal to or 
less than 1 and then the constant term and the coefficient of qj (1 <n<L-l,l < j < N) of 
Hi'i'iiq, z) are linear combinations of ^ C/(0^o(0 and _£ U{t)ip^i\t) (l < n < L- I, I < j < N). 



Remarkably they coincide with Kd(poit)/dzi and Kd(pn\t)/dzi with appropriate correspondence 
between parameters. Namely, we have 

Theorem 4.1. If kq - Yli^i^i - 1- then the integral formula ¥i(q, z) is a solution to the 
Schrodinger system (|3.2I) . with 

O^n ~ ^«+l ~ ^« + ^n+lj Pi — ~"ii Yn — l^n^ 

for \ <n < L— \ and 1 < i < N, where ei = eo and kl = 1. 

4.2. The case of M > 2. Fix M e Z>2. We consider a multivalued function 

l<fl<6<M, l<fl,6<M, 

l<n<Z,~l l<n<L-2 

M (L-1 N \ 

xo n('?f"n(i-^.'?'.r"(i-'rr 

defined on the complement T e C*^^ '^^^ of singular locus D given by 

l<a<b<M, l<a,b<M, l<a<M, l<fl<M, \<a<M 

\<ii<L-l i<n<L-2 l<;i<L-l 1<I<A' 

Let <S be the rank one local system determined by U(t) and S*, the dual local system of S. The 
hypergeometric paring between the twisted homology group and twisted de Rham cohomology 
group is 



(A,v)^ Uit)<p. 



L 



where v' is a rational (L - l)M-form holomorphic outside D and V is the covariant differential 
operator given by V = J + d\og(U{t))A. 

Denote by S^\ (L- l)-th products of the symmetric group with the degree M. Let the action 
of S^^ on a rational function f(t) of variables t = (t\ , . . ., ?^_j, . . .,t\ , . . ., f^ |) be defined 
by 

cr(/(o) = f(t'r''\ ..., ttr''\ ■ ■ ■ , t'r''''\ • • • , ttr'""'') (4.2) 

for cr = ((Ti , . . . , cr£_i) e S^"' . Let Sym[/(0] be the symmetrization of /(?), given by Sym[/(0] ■ 
Definition 4.2. For M g Z>2, we define an integral formula by 



p \ M r N L-l 

^-^ la=l V r=l n=l 



rf?, 



where A e H^i.i)m(.T, S*) and 

L-l L-l . 

/■ ^.(fl)^ _ Pf ^ /■(^V.(a)^ _ ^ Pf ^ >) _ 1 

■^^^ ' V V Ja) _ («)' -InK^ ) ^_.Aa) { { Aa) _ («) ' 'o 

m=\ 'm-1 'H ^' L-l ™=l. m-1 "^ 
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.(1) 



.(1) 



.(2) 



.(2) 



Am) 



Am) 



dt = dt\' A • • • A df^_^ A dt\' A • • • A dtj^_^ A • • • A dt\ ' A • • ■ A dtl_^ . 
Theorem 4.3. Ifx^-YJi^y ^i - ^ and k„ = I (2 < n < L-l), then the integral formula ^F^Cq^z) 



is a solution to the Schrodinger system (13.21) . with 

an = en+i-e„ + \, fit = -Oi, y = ki+M -\, 
for I < n < L - I and 1 < i < N, where ei = eo. 

For A e ^m, let ^a(0 be the rational (L - l)M-form holomorphic outside D defined by 



(fAit) = Sym 



M 



N L-l s);' 



M 



a=M-Ao+l 



r=l n=\ a=5<",+l 



dt. 



where 



Aq = M- Yj Ku 



\<i<N. 
1 <n<L- I 



M 

A] Ao!n 



M! 



/-I L-l 



1 </■<«. 

l<n<L-l 



A„,,-! 



~' "^'i ~ / ; / v'^''^ "*" / ;^'".'- 



y'=l m=l 



m=l 



Then, the integral formula is expressed as 

*i'M(q,z)= xi ^^ r 

Since, in general, it holds for an (L - l)M-form <p that 



U(t)(pA{t). 



— fu = ful-— +^ 

5z/ Ja Ja W dzi dzi 



let a linear operator Vj (i = I,. . .,N) acting on (p be defined as 

\ dU dip 
'^ U dzi dzi 
Let us explain our proof of Theorem 14. 3 1 briefly. We compute KViip^it) and obtain the linear 
Pfaflian system for { f UipA{t)\A e ^m]- While we compute the action of the Hamiltonians 
Hi on q^ and obtain the coefficient of q^ of //(^PmCQ^ z) as a linear combination of elements of 
{^ UipA{t)\A 6 J{m}- Finally, comparing both results, we obtain Theorem |43] 
A proof of Theorem 14.31 
Fix i e{l,. . .,N} and A e JIm. We compute V/^a(0 as follows. First, we have 



K^ifA{t) = Sym 



,U)\ 



L-l 



N L-l . .W" j . .(M-Ao+1) L-l . V 



(5i") ^ 



, y=l, „=1 1 _ 7./^"") 



1 - 7-r 






^a(0 



dt, 

(4.3) 



where ^a(0 is defined by 



ipAit) = (-1) 



M-Ao 



M 



W L-l 5^ 



M 



nn n /^"n n /»('"■') 



(=1 n=l ,,_c(') 
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a=M-Ao+l 



Using a relation 



l-zjt( 1 



1 - Zit Zi - Zj \ 1 - Zit 1 - Zjt) ' 



(4.4) 



we get 



the first term of (|43]) = fiiJ^J] ^^ (^^«'' + 1)'^(a,„-i,a„,,+i)*^^) ~ ^nj<^A(0) , 






where i^/^ _j a„,+i)(0 is the rational (L - l)A/-form defined for the matrix in JIm whose (n, j) 
entry is A„j - 1 and (n, i) entry is A„ ,• + 1, and the other (m, fc) entries are A„, jt. 
As for the second term of (14.31 ). using a relation 



?L-1 



1 



L-1 



1 - Z/^L-l fc - l)/o(0 



-/oCO + X^^^W 

n=l 



(4.5) 



we obtain 



the second term of (Q = —^ Ao^a(0 + ^ (Anj + 1) ^(a„,+i)(0 

where ¥'(a„,+i)(0 is the rational (L - l)M-form defined for the matrix in JIm whose (n, i) entry 
is Anj + 1, and the other (m, k) entries are A,„^k- 

In order to calculate the third term of (|4.31 l. we compute coboundaries X„ (n = 1,...,L- 1) 
defined by 



L-l 



x« = 'cy.v 



m=n 



J] cr[C''Wt)) ^dt^"'^" 



Vo-^^m' 



(4.6) 



M 



where *dtm is defined by 



*rf4"^ = (-1) 



(L-l)(a-l)+m-l r,(l) 



dt\' A • • • A JC a 



At 



_(M) 
L-l' 



SO that dtm^ A *(i?J^'' = dt. 

For m i^ n, denote by v'rAn,-! a„,,+i)(0. the rational (L - l)M-form defined for the matrix in 
JIm whose {n, i) entry is A„ ,- - 1 and (m, /) entry is A„,_, + 1, and the other (/, k) entries are Ai^k, 
and denote by (fu,_^\{t), the rational (L - l)M-form defined for the matrix in ^m whose {n, i) 
entry is A„ ,- - 1, and the other (/, k) entries are Ai^k- 

Using the relations (|4.4I ) and (|4.5I ). we obtain by straightforward calculations 



Z« =Sym 



ifii + K)Zi- 



SSf) 



.(S<") 



[r^A(0 



1 -7-t " 



J? 



+ 



^ CK,„ - (L - 1 - n) (^^(0 + (1 + 6n,i{y - D) ^ '"■' 



\m=n 



Zj ^ '^(A„,,+i,A„.,-i)W 

<=n+\ ^"'' 
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+ (l+5„,i(7-l)) 



Zi-\ 



An + 1 , , v^ A„,i + 1 



0+1 V~l /i,;, ,• + 1 

1^^(A„,,-1)(0 + 2j 4 . y(A,„,+l.A„,,-l)(0 + VAit) 



m=\, 
mtn 



^nj 



N 



Pfij 



+ Z rrirl^-w - %^n^.„-u.,,..)«h «". 



;=i, 
j*i' 



Z; - Zj 



where 



with 



Y)l' = Sym 



L-l 



Ei'^^^'^^W 



J?, 



(4.7) 



M 



w^'^ = y 



-12-1 1 

+ —T. + -^. + ^„u7r«r 



M) 



.(^n 



(/) V^m 



lyy, I , f«j f™ ffM i 



(fl) 



,;j-l ■'HI "^m "^ni 



/a) 
m+1 



r'^-u 



We compute y„ in Lemmas l44ll4.5[|4~6l and l4.7[ Owing to those lemmas, we obtain 

L-l ( L-l /L-l n \ 



1 



n=l 
/L-l 



+ 



2,-1 



n=l \m=n 

N L-l 



ni=l / 



^ A„,,- - A - Z 2 ^«.'^«'i + ^1''*^^ ~ ^) 



Vn=l 
L-l / 



i=l n=l 



'L-l 



j=l, ' -' n=l V 



'^m=l 



-AA,; 



(fAit) 



. , L-l / W \ /L-l \ L-l 

-^^Z Yj^nJ + dn,liy - M)\(p^A„,,-r)(t) + ^^ ^A„„--A- _^(A„,, + 1)^(A„,+1)(0 
^' «=1 Vy=l j ^' Vm=l / «=1 

, L-l ( N \("~^ ^"' 

' «=1 V /'=1 / Vm=l m=n+\ 



J*' 



An,;- + 1 

Zi - Zj 



/ n-\ 



L-l 



+ Z y'.^-y. ^J Z^^'"-' + 1)'^(A„„-1,A„,,,+1,A„,,-1,A„,,+1)(0 + Zi Y (^"W + 1)^(A„„-1,A„,,+1,A„,,-1A,,;+1)(^) 



V m=l 



m=n+ 1 



J*' 



W 



L-l 



N / L-l 

+ Z 7T7 ^' ~ Z^'"-' I Z^^"-' + l)^(A,w-iA,.,+i)(0 

■^ V m=l } n=\ 



L-l \ L-l 



+ Z i;T7 r^' ~ Z^"'-^' I Z^^"-^' + i)m...-iA,,;+i)(o, 



(4.8) 



m=l / «=1 



where the rational (L - l)M-form ^/^ „i^,, .+i a,„-ia„ +i)(0 be defined for the matrix in JTI^ 
whose (m, 7), (m, /), («, 0> ("» 7) entries are A^,; - 1, A^,; + 1, A„,,- - 1, and A„,y- + 1, respectively, 
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and the other (Z, k) entries are Aij,. Hence, for A e J{m, as an element in the twisted de Rham 
cohomology group H^^-^^"(T, V), KVi(pA{t) is expressed in terms of elements of {(pB{t)\B e JIm}- 
On the other hand, computations of the action of the Hamiltonian Hj on q'^ for A e ^m 
is straightforward and it is easy to see that the coefficient of q'^ of Hj^'m{(1, z) is equal to the 
hypergeometric pairing between the cycle A e H(^l^i)m(T, S*) and the right hand side of (I4.81 ). 
Therefore, we complete our proof. n 

4.3. Lemmas. Through lemmas below, fixl < n < L - I, 1 < i < N and A e JIm- For a 
triple (n, i,A), the coboundary X,*;'^ is defined by (|4.6I) and expressed as a linear combination of 
elements in {(pB(t)\B e ^m), and Y^K In this subsection, we compute Yn\ so that we show that 
they are also expressed as a linear combination of elements in {(pB(t)\B e JIm}- 
We divide ¥„'' as 

>-;"=E(''i"),,,+(i'i")„ 

i<j<N. 
i<l<L-l 

and we compute [Yn^j . and (y^'') , where for / ^ n or j ^ /, 

(y«)^ . = Sym[A,jC(n,Sl^,Sf)Mt)]dt, 

(y®)^ . = Sym [iA„j - DC (n, 5», 5« - l) <^a(0] dt, 

(y®)^ = Sym [AoC (n, 5 «, M - Ao + l) ^a(0] dt. 



Here, for 1 < a ?i: Z? < M, 



L-l 



C(n,a,Z>) = _^4" 



-1 



-1 



+ 



+ 



(a) _ (b) (a) _ (h) (a) _ Xb) 

m=n \'^rn '^-1 '"^ ''« '"^ 'm+1 >' 



M) 



+ 5«,r 



(a) 



Let the rational functions fi^it'-"'') be defined by 

1 ^"1 1 

•^'.'"^ ^ 1 _ ^ /a) Zj >) _ /«)■ 



Lemma 4.4. WZzen 1 < I < n, for 1 < j i^ i < N, we have 

z,- - Z; 
(A/,, + 1)(a„,, + i) 






-AijifiAit)- 

andfor j = i, we have 
Proof. It suffices to show that 



An,i 



(AnJ + l)Aij 



(y,«), . = a,,^a(0. 



Sym 



c(n,i,2)^y;«a(^))^//^\.(^)) 



'L-l 



'L-l 
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Sym 



7!r/i"('"')i^/;"('"') 



A2) J I 



"L-l 



"L-1 



+ — ^Sym 



Zi - Zj 



J l_ 



(/«a^'^)-y;!^\^"^))(/ra^^^)-//^'^a^^^)) 



(4.9) 



where the symmetrization Sym[f(t)] stands for Xo-es^' cr(f(t)) (see (14.21) '). the rational functions 
fn (t'-"^) are defined in Definition l4.2[ and if j = i, then we understand that the second line of the 
right hand side of (14.91 ) is vanished. 

Firstly, we claim that for n < fc < L - 2, we have 

k 



Sym 



E 



.(1) 



-1 



+ 



+ 



-1 



(1) _ (2) (1) _ (2) (1) _ (2) 

m=n V'm ',„_i 'm 'm 'm 'm+1 ^ 



^ /,f\^^^^)l^//^V^^^) 



'L-1 






= Sym 



1 



XD Al) \ iJl) A2)\ ID 



- — —f!!W>)4rf!U'''^ 



^k' ^k+[}[^k+l ^k']^L-\ 'L-l 



,)(4?,-'f)'i-, : 

We show (14.101) by induction. Let k = n. then, we have 



Sym 
= Sym 
= Sym 



+ 



.(1) _ J2) Al) _ A2) 

V'n n—l " " -^ 



'■n 



^f!:V')4rfl'V'') 



'L-l 



12) J I 
'L-1 



1 



1 



^(1) 



(2) _ (1) (1) _ (2) (1) Jn \' f ^(2) Jl,n V J 
-1 1 1 



'L-l 



(1) _ (2) (2) _ (1) (1) _ (2) (1) 



/2) , 



'L-1 



where in the last line, we interchange f„ with t„ and 



Sym 



1 



+ 



-1 



(1) A2) Al) A2) 



V ^n '•n 



^f!.'\t^'')4rfl'(t^'') 



= Sym 



«+!/ 'L-l 



t 



(2) 
L-l 



/I) _ /2) .(1) _ A2) Al) 



-/i''V"^):7^d(^^^^) 



'l-1 



(4.10) 



(4.11) 



(4.12) 



Thus, the left hand side of (14.101) for k = n, that is, (14.111) plus (14.121) . becomes the right hand 
side of (14.101) for k = n. 

Suppose (|4.10l) holds for A: - 1, then 



Sym 
= Sym 
= Sym 



( ( 

(1 



-1 



+ 



1 



+ 



k-i 



.(1) 



/I) _ /2) /I) _ .(2) 

V'/t '/l-l 'yt '/t / m=n 



■1 



+ 



+ 



-1 



\\ 



(1) _ (2) (1) _ (2) (1) _ (2) 

V'n! m-1 "" "* ™ m+1 -^ 



7!r/i'''(^^^^)i^//^V^^^) 



'l-1 



/2) 

'l-1 



.(1) _ A2) J2) _ Al) Al) _ J2} Al) 
^k '*: '/t-1 '<: '/t-1 '/t 'L-1 



''" /.':l('"')7^ijf('°') 



'L-l 



(1) _ (2) (2) _ (1) (1) _ (2) (1) 
'/t '<: '/t '/t+1 '/t '/t+1 'L-1 



'k Ai) (f(l))_!_fU) U2). 
JnMl^ ' A2) JlMl^ ' 

h-i 
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where in the last line, we interchange t, with t, . Since 



Sym 



1 



-1 



+ 



/I) _ A2) A\) _ Al) 
\^k ^k ^k '/t+l/ 






^f:.\t<'^)4rfi'V'') 






= Sym 



^(1) 



(1) _ (2) (1) _ (2) (1) 



^^/i'-V"^)7^4f..(^^^^) 






the left hand side of (|4.10l) for k becomes the right hand side of (|4.10l) for k. 
Secondly, using (14.101) for fc = L - 2, we have 



Sym 

= Sym 
= Sym 



P 
'l-1 



(1) _ (2) + (1) _ (2) + Zj 
V'L-1 'L-2 'l-1 'l-1/ m=« 

1 1 1 



.(1) 



■1 2 

+ -TT. ^ + 



-1 



(1) _ (2) (1) _ (2) (1) _ (2) 

V'm m-1 "' "' "* m+1 -^ 



^ y;,^'V^^^)i^//^V^^^) 



'l-1 



'l-1 



(1) .(2) .(2) .(1) .(1) .(2) ■ln,L-\y' / (2) J l,L~l^' > 



^L-1 ^L-1 ^L-2 ^L-1 ^L-2 ^L-1 



"L-l 



/I) _ .(2) 

'l-1 'l-1 



'l-1 



where in the last line, we interchange i^_y with t\\y. Hence, the left hand side of (14.91) is equal 
to 



Sym 



■^ fOVf(l)^J_/■«/',^(2)^ ^ 



1 



(1) .(2) Jn V« ; (1) 7/ V* ;^ (1) (2) 7„ V« ; (2) J I V ) 



^L-1 ^L-1 



Sym 



'L-1 ^L-1 ^L-1 'L-1 

Jl) _L /2) X _L , , /I) ^(2) 



1 1 1 -7-(t ' +t ' ) + 7-7-t ' r 

J L f(i)(t'^^h /■(')r/2)^ ^ ^A^L-1 + 'l-1^ + Zi^i'L-i'L-1 

(1) (2) -^'i ^' >Jl ^' > ^1 ^ ^(1) ^^1 ^ ^(2) 

'l-1 'l-1 



(l-z,r-)(l-z/-) 



Therefore, the relation (14.91 ) holds. 

Lemma 4.5. When n <l < L- \, for \ < j i^ i <N,we have 

(A,, + l)(A„.y+l) ^. (A„.y+l)A ,.y 2. 

_ _ ^(A,.,-l,A,,+lA,.,-lA,.,+l)W + , 



□ 



Z,- - Zj 



r— <^(A„,,+i,A„,,-i)(0 



Z/ - Z; 



A„,,- fe - 1) 
and for j = i, we have 



L-1 



(Ao + 1) ^(A„,-1)(0 + Zi Y, i^mj + l)<^(A„,,+i,A,,„i)(0 



m=2 



fe-1) 



L-1 






m=2 
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Proof. It suffices to show that for n>2. 



Sym 



C(n,l,2)^/«a^»)^//V)) 



Zi - Zj 



-Sym 



J 1_ 



'L-1 



(/i'\^^^^) - f^Ht^'')) (zif!\P) - ZjfV^)) 



(4.13) 



and for n = \, 

Sym 



Cil,l,2)^ff{i'^)^flM^) 



1 



+ 



Zi - Zj 

1 



-Sym 



1 1 



'L-1 



(^0-)(,(i)) _ ^0)(,(i))) (^^.^(0(^(2)^ _ ,.fU\p))) 



Zi-l 



Sym 



f^^) 
'l-1 



L-1 



/o(a-/fV'^)-z,Xi^''(^''') 



m=2 



.(2) ■'/ 

'l-1 



,0-)(,(2)) 



(4.14) 



where the symmetrization Sym[/(0] stands for Xo-es'^-' crifiO) (see (14.21 )). and if j = i, then we 
understand that the right hand side of (14.131 ) and the first line of the right hand side of (14.141 ) is 
zero. 

We shall show (|4.13|) . Firstly, using (|4.101 ) for k = l-2,we have 

f-f 1-2 



Sym 

= Sym 
= Sym 



Zj "' /I) _ .(2) ^ (1) _ (2) ^ (1) _ (2) 
\m=n V'm 'm-1 ''« ''" '"^ 'm+i 



+ f 



(1) 
/-I 



1 



-1 



-I- 



1 



/I) _ /I) /I) _ /2) (1) 

v'/-i n-i '/-I '/-I // 'l-1 



^ /^'■V"^)i^//^'V^^^) 



'l-1 



(1) _ (2) (1) _ (2) (2) _ (1) (1) 
'/-I '/-I '/-2 '/-I '/-2 '/-I 'l-1 



1 r^ 1 

JnJ-l^'' > (2) Jl-lA^ ' 



'l-1 



- — ^^/„':;('"')-^/,"'(/^') 



/I) _ J2) J2) _ (1) (1) 
'/-I '/-I '/-I '/ 'l-1 



'l-1 



(4.15) 



where in the last line, we interchange t\_\ with t\_\ . Thus, (14.151) is equal to 



-Sym 



'/-I 






-I- 



'i 



(1) _ (2) (1) _ (2) 

v'/-i '/-I '; '/-i/ 



^ f^(t''')4rf!''(^) 



'l-1 



Secondly, we claim that for / < fc < L - 2, we have 



Sym 



E 

m=l 



( _.(1) 
m+1 



2f' 



(1) 



-? 



(1) \ 



+ 



+ 



m—\ 



/I) _ 12) /I) _ /2) (1) _ (2) 

V'ni+1 "' '" ™ m— 1 '" -^ 



'l-1 



^ /,f^(^^^^)7^//^'V^^^) 



Sym 



1 



1 



'l-1 

.(2) 



'l-1 



(4" -«■)('?'-«,) 4'^,- 



' i;;:i,('"')^//''(''^') 



"L-1 



(4.16) 



We can prove (|4.161) by induction and omit the proof of this claim. 
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Using (14.161) for k = L - 2, we have 

[/ .(1) .(1) L-2 ( 



Sym 

= Sym 
= Sym 



'L-1 'l-2 V"' 'm+1 ^'m 'm-1 

(1) _ AT) "•" (1) _ (2) "•" Zj /I) _ /2) "'' (1) _ (2) "•" (1) _ (2) 
V'L-1 L-1 'l-2 'L-1 m=l\^m+\ "^ »» '"^ m-1 "> / 



4rf^'V''^4rf!'(^''') 



'l-1 



'l-1 



1 



1 



1 



1 



Ai) fJiKfU) (A2h 



(1) _ (2) (1) _ (2) (2) _ (1) (1) •^n,L-l^' ^i/,L-lV' ^ 
'L-1 'l-1 'l-2 'L-1 'L-2 'L-1 'L-1 

-1 1 



(1) _ (2) (2) 

'l-1 'l-1 'l-1 



,^O-)(,(l))^(0(,(2)) 



where in the last line, we interchange t^l^ with ?^^j. Hence, the left hand side of (14.131) is equal 
to 

1 



Sym 



\ /■0)(^(l))J_/-®(^(2)) + \ 

(1) _ (2) Jn y- >(2) J I y >^ A\) _A2) 

'l-1 'l-1 'l-1 'l-1 'l-1 



fl!'i^'')irfi'^^ 



"L-l 



= (zi - Zj)Sym 



1 



1-^/Si 



■flPit^'') 



1 



•'ll^i^-z/ll/' 



■(;•) 



Therefore, the relation (14.131 ) holds. 

We shall show (|4.14l) . We compute the left hand side of (14.141) as follows. 



L.H.S.of(l434l)=Sym 



f _/i) 
'i 

V'l ^ 



+ C(1,1,2) 



4rf>''')4rf!'V'') 



+ Sym 



'''' ^ f^V')^m^') 



'l ^ 'l-1 



^(1) ^1 

'l-1 

1 

'l-1 



/2) J I 

'l-1 



The first line of the right hand side of the relation above becomes the first line of the right hand 
side of (I4.14|) in the same way of the proof of (14.131) . While, we have 



Sym 



1 i'^ 1 

'i ^ 'l-1 'l-1 



Sym 



= Sym 



.(1) 



^L-l..(l) AVK 



'l-1 ^ Zjni=2V'»i-l 'm ^ 1 A')rAl)\ 

X2) 
L-1 'l-1 

L-1 



t\'' - 1 



(1) fl'V'>)—Mt^'^) 



1 1 



f^'')-f.if')-zif^f:^ii^) 



m=2 



7^/*"') 



"L-1 



Therefore, the relation (14.141 ) holds. 
Lemma 4.6. For l<ji^i<L-l, we have 



□ 



(>-;")„. =-*". 



Zi - 1 z, - z 



Va(0 + -, -, '>^(A„,,-1)(0 



Zi-l 



^nj 



+ 



1 - (?».l An,j 

Zi — 1 A„ ;• 



/n-1 



L-1 



^(A„,,,- + 1)'^(A„,,+1,A„,,-1)(0 + Zi Yj (^"W + 1)^(A„,,+1,A„,-1)(0 



Vm=l 



m=f!+l 
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+ (A„,- + l)-^^(^,_^._i^^,^,^i)(0 + 



(^n,; + Ij^n.i Zj 



r— V(A„,,+1,A„,,-1)(0, 



Zi-Z 



and for j = /, we have 
(l'f),,=(A,„,-l) 



+ 



1 - 5n,\ A„j - 1 



Zi 1 A„i 

Proof. It suffices to show that 

1 



/'/i-l L-l 



Vm=l 



m=n+[ 



Sym 



C(n,l,2)— /®a(^))— /i^-)^^^)) 



"L-l 



1 



+ Sym 



■Sym 



Jr[-/o(a + Zi;i''^(a + z. |i/«(a 



'L-1 



m=l 



m=n+l 



1 



■/i^V^^^) 



^ /f (^^'^)7^/«(^^^^) 



^(1) 



+ 



.(2) 

1 1 



-Sym 



/I) /2) 



(/«(^^^^)-/i^\^^^^))(/,f\^^^v/i^\r^^^)) 



(4.17) 



where the symmetrization Sym[/(0] stands for Zo-es'^-i cr(/(0) (see (14.21) ). and if j = i, then we 
understand that the third line of the right hand side of (14.171 ) is vanished. 
Firstly, we have 



Sym 



-f^ 1 

.(1) 12)~1T) 



f^V'')4rfl''0''') 



/2) 



= Sym 
1 



*L-1 ^ ^m=«+lVV-i 'nW i Ai)rA'i-)\_ 



/I) _ .(1) 
'« '«-l 



a) /f a^^^)ir/''(^^'') 



'L-l 



Zi-l 



Sym 



1 



L-l 
L-l 



'L-l 



-/oa^^^) + Zy;i'¥^^)+z,- li yl'¥^^)] i^/W^^) 



m=i 



m=n+\ 



'L-l 



Secondly, we notice that for n < m < L - 2, we have 



Sym 



m+l 



+ 



2t: 



(1) 



-f 



+ 



(1) \ 

m— 1 



/I) _ .(2) (1) _ (2) (1) _ (2) 

> m+l "* "• "* m-1 '" ^ 



wfn'^t^''^^mt^'^) 



"L-l 



'L-l 



= 0. 



Thirdly, we compute the remaining term as follows. 

2 ,,. ,r. 1 



Sym 



/I) _ .(2) 

'l-1 'l-1 



^L-1 



= Sym 



fO-)(^(i))_^f(0(^(2)) + t f(0(^(i))_^/-0-)(^(2)) 

(1) .(2) -In ^ ' n) Jn y^ ^^ rn (7) Jn V' 7 ^9-, J„ V' 7 



^L-1 ^L-1 



'L-l 
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.(1) _ A2) 
'l-1 'L-1 



1 



'L-l 



= Sym 



'■L-l ^L-l 



.(1) _L /2) 



^-Zj(flU+^L-0+Z>Zjtl>^, 



(1) ^(2) 
L-l 



.(1) 



(2) 



(i-^/i^i)(i-^/r-i) 



Therefore, the relation (|4.171 ) holds. 
Lemma 4.7. We have 

1 + Snl 



n 



' ' m= 1 



L-l 



-"n.l 



1 Ao(Ao+l) ,, ^ Z; Y^Ao(A^,;+l) 



m=2 



Proof. It suffices to show that 
Sym 



C(n,i,2)4rfn\t^'^)4rMt''^) 



Sym 



(1) 

'L-l 
1 



fe-i>i:^i«i 



'L-1 



flPO^'^) 



L-l 



+ 5„jSym 



fc - i)4!^i4?^i 



/o(?^^') 






m=2 



(4.18) 



where the symmetrization Sym[/(0] stands for Xcres'--^ cr(/(0) and the rational functions foit^"^) 
are defined in Definition 14.21 

Firstly, using (14.101) for Z = and k = L -2,we have 
[f 



Sym 
= Sym 



1 ?^'M 1 1 

C(n, 1,2) + 6nj^^^-^ I —fi'V)^Mt''^) 



J}) _ 1 /I) /I) 
'l ^ 'l-1/ 'l-1 



*L-1 



*(1) 



1 



^^—^-^-^^fl\t^'')irMt''') + Tir^isr"''"'''^— "■"''' 



'L-1 'L-1 ^ ^''L-1 



^ /i'^^^'^)!^/..!^^-^^) 



1 



*(i) 



Sym 

'L-l 

Secondly, we have 



Sym 



f!P(^') 



^^-z^^ 



"L-l 



UP) 



^L-1 ^L-1 



'L-1 



.(1) 



1 



^ '' ffV'')^uP) 



h ^ 'L-l 



*(2) 



= Sym 



= Sym 



L-l 

(1) , v^-i/^d) /I) 






//) - 1 



,(1) ^1 



1 



'L-l 'L-l 

L-l 



'• - 1 4-1 V «t^ i 4-1 



(^^^^) 



Therefore, the relation (14.181 ) holds. 
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